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We theoretically study the Berry curvature of the magnon induced by the hybridization with the
acoustic phonons via the spin-orbit and dipolar interactions. We first discuss the magnon-phonon
hybridization via the dipolar interaction, and show that the dispersions have gapless points in
momentum space, some of which form a loop. Next, when both spin-orbit and dipolar interactions
are considered, we show anisotropic texture of the Berry curvature and its divergence with and
without gap-closing. Realistic evaluation of the consequent anomalous velocity is given for yttrium
iron garnet.
PACS numbers: 03.65.Vf, 05.30.Jp, 75.10.Jm, 75.30.Ds
Introduction.– The intensive studies on anomalous Hall
effect in ferromagnets have revealed several microscopic
mechanisms [1]. Particularly, the intrinsic mechanism
is neatly described by Berry phase/curvature [2]. The
wave-packet formalism offers an intuitive picture on this
mechanism [3]. The Berry phase/curvature acts as the
emergent vector potential/magnetic field due to the con-
straint of the Hilbert space [4], and therefore it is also rel-
evant to magnons, which obey Bose-Einstein statistics, as
recent studies of the magnon Hall effect have shown [5–8].
Recently, the dynamics of magnons has been studied
by the advanced optical spectroscopic method, in which
propagating magnons have been observed [9, 10]. Since
the magnon conveys information of the spin, it is im-
portant to investigate its dynamics. Creation, manip-
ulations, and detection of magnons are called magnon-
ics, and a variety of applications are expected in this
emerging field [11]. Meanwhile, it is well known that
the magnon interacts with phonons [12], and therefore
phonons play an important role in magnonics, e.g., the
emergence of the bottleneck effect of the magnon conden-
sation at the hybridization region of magnon-phonon dis-
persion [13]. In addition, it has been demonstrated that
the coherent phonon excitation can create the magnons
through their hybridization [14]. The excited quasipar-
ticle has a finite width in both position and momen-
tum spaces in general, and therefore, the motion of the
wavepacket is relevant in the magnon-phonon hybrid sys-
tems.
In this paper, we theoretically study the coupling be-
tween magnons and acoustic phonons through the dipole-
dipole interaction (DDI) in a simple model without sub-
lattice structure, and their influence on the wavepacket
dynamics of the magnon is investigated. Historically,
the magnon-phonon interaction by the magnetoelasticity,
i.e., the spin-orbit interaction (SOI), has been studied for
a long time [12, 15–19]. We find that the magnon-phonon
hybridization by the DDI induces the anti-crossing as
with the SOI and hence the Berry curvature, i.e., anoma-
lous velocity, of the magnon-phonon hybrid. Note that
the phonon-magnon interaction is ubiquitous even for a
simple ferromagnets without SOI or the sublattice struc-
tures, due to the presence of the DDI. We calculate the
Berry curvature for the longitudinal acoustic (LA) and
transverse acoustic (TA) modes, respectively, and find
the high anisotropy. In the case of the LA mode, the
divergence of the Berry curvature occurs at which the
hybridization disappears, and some of these points form
a loop. For the TA modes, despite of the absence of gap-
less points, the divergence of the Berry curvature occurs.
We also find the rapid sign changes of the Berry curva-
ture in the anti-crossing region. Finally, we give a scheme
for observing the Hall current of the magnon.
The spin Hamiltonian of a ferromagnet is
Hm = −µh
∑
l
Szl − 2J
∑
〈l,m〉
Sl · Sm
+
∑
l 6=m
µ2[r2lmSl · Sm − 3(rlm · Sl)(rlm · Sm)]
2|rlm|5 ,(1)
where Sm is the spin at site m, and rlm = rl − rm is the
vector from site m to l. µ = gµB is the product of the
g-factor g and the Bohr magneton µB. The second term
is the Heisenberg Hamiltonian with the magnitude J .
Since the wavenumber k in the anti-crossing region is very
small, this term ∼ J(ka)2 is neglected henceforth, where
a is the lattice constant. The third term describes the
DDI. By the Holstein Primakoff transformation[20] with
the annihilation (creation) operator am(a
†
m) = Smx +
(−)iSmy, the Hamiltonian (1) reduces to [21]
Hm =
∑
k
[
Aka
†
k
ak +
1
2
(Bkaka−k +B∗ka
†
k
a†−k)
]
, (2)
with Ak = A0 + Bk and Bk = 2πµMs sin
2 θke
−2iφk ,
where Ms is the saturation magnetization, θk =
2tan−1 k˜kz , k˜ =
√
k2x + k
2
y, k = |k|, and φk = tan−1 kykx .
A0 = µ(h + MsNz), Nz is the demagnetization coeffi-
cient, S is the effective spin (Ms =
N
V µS), and N is
the number of sites in the volume V . The eigenvalue is
Emk =
√
A2
k
− |Bk|2 by the Bogoliubov transformation,
ak = tkck − s−kc†−k where ck (c†k) is the bose annihila-
tion (creation) operator, tk =
√
(Ak + Emk)/2Emk and
sk = (Bk/|Bk|)
√
(Ak − Emk)/2Emk. Due to the exter-
nal magnetic field h, there is a finite gap Emk=0.
The dispersion of the phonon is Epλk = ~cpλk, where
λ specifies λ = t1,2 for TA and λ = ℓ for LA, and cpλ
is the velocity. Due to Emk=0 6= 0, crossings of the
dispersions of the magnon and phonon occur, and the
hybridization is induced. In Fig. 1(a), we show the con-
tours ksλ determined by Emksλ = Epλksλ in momentum
surface space. We employ h = 4 × 4πMs, Nz = 0 by
assuming the system to be spherical, and the following
parameters appropriate for yttrium iron garnet (YIG) :
4πMs =0.1750T, a = 12.38A˚, the density is 5.17g/cm
3,
and the velocity of the phonons are cpℓ = 7.209×105cm/s,
cpt = 3.843× 105cm/s ( cpt = cpt1 = cpt2).
Interaction between magnons and phonons.– Generally,
the exchange coupling Jij depends on the displacement
of the atoms, i.e., phonon; namely the exchange stric-
tion gives the most ubiquitous magnon-phonon interac-
tion. However, this interaction does not lead to the linear
terms in the magnon coordinates, since it preserves the
rotational symmetry in the spin space. The SOI [12, 15]
is one of the candidates for breaking the symmetry, and
here we also obtain such an interaction by the DDI. The
magnon-phonon coupling through the DDI is given from
the Hamiltonian (1) as
Hdp = −3
√
2S3µ2
2
∑
l 6=m
zlm(r
+
lma
†
l + r
−
lmal)
|rlm|5 , (3)
where r±lm = xlm ± iylm. Expanding rlm with respect to
the phonon coordinates, we obtain
Hdp =
∑
kλ
[Qλkc
†
k
(bλk + b
†
λ−k) + c.c.], (4)
Qλk = −
∑
i=x,y,z
gdλξλik(Giktk +G
∗
iks
∗
k
), (5)
where ξλk is the polarization vector of the phonon and
bλk(b
†
λk) is the bosonic annihilation (creation) opera-
tor of the phonon. By replacing k with the dimen-
sionless vector as ak → k, the coupling constant is
given as gdλ = (πµMs/2)
√
~S/aMpcpλ, where Mp is
the mass of the atom. The functions in Eq. (5) are
given as Gxk = −2ikz(k2z − (kx + iky)2)k−
5
2 , Gyk =
2kz(k
2
z +(kx+ iky)
2)k−
5
2 , and Gzk =
4i
3 k
2
z(kx+ iky)k
− 5
2 .
By these functions, one can find that hybridization van-
ishes for kz = 0 independent of ξλk. Consequently, the
anti-crossing does not occur there, and the gapless points
form a loop on the kz = 0 plane.
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FIG. 1: (a) Contours of ksℓ,t of the cross-section of the anti-
crossing region given by Em = Epℓ,t at ky = 0, kx,z > 0. (b)
The surface given by ksℓ for the case with the LA phonon.
The contour and dots on the surface show the disappearance
of the hybridization Rℓ = 0 on k
s
ℓ . Parameters are used for
YIG with h = 4× 4piMs in both of the results (a) (b).
In real systems, we should take into account both the
SOI and DDI for the interaction Hamiltonian as
Hint = −
∑
kλ
[Rλkc
†
k
(bλk + b
†
λ−k) + c.c.] (6)
with Rλk = Pλk + Qλk, where Pλk is the contribution
from the SOI [12] given as Pλk =
∑
i g2λξλik(Fiktk +
F ∗iks
∗
k
) with Fxk = −ikzk− 12 , Fyk = iFxk, and Fzk =
−i(kx + iky)k− 12 . The coupling constant is given by the
strength of the SOI b2λ as g2λ = (b2λ/2)
√
~/SaMpcpλ.
In YIG, the ratios of the two coupling constants are given
as g2ℓgdℓ = 57.3 and
g2t
gdt
= 114.6, and therefore the SOI is
dominant in the interaction process. We note that the
coupling from the DDI is universally determined only by
the magnitude of the magnetic moment and the lattice
displacement, while the strength of the SOI b2λ depends
on the electronic structure of each material. For the LA
phonon, the gapless points remain when the two inter-
actions are present. In Fig. 1(b), those gapless points
are shown on the anti-crossing surface (Fig. 1(a)). In
contrast, for the TA modes, the gapless loop on kz = 0
disappears due to the SOI, since the hybridization for the
z-polarization does not vanish, Fzk 6= 0 for kz = 0.
We construct an effective model for focusing on the
anti-crossing region, where we can neglect the product of
two annihilation/creation operators of the magnon and
phonon. Since the gap energy is tiny, we can treat each
anti-crossing separately. The effective Hamiltonians for
the LA and TA modes are
Hℓ =
(
Emk R
∗
ℓk
Rℓk Epℓk
)
, Ht =

Emk Rt1k Rt2kR∗t1k Eptk 0
R∗t2k 0 Eptk

 . (7)
For eigenstates with the LA mode |ψ±ℓk〉, the eigenval-
ues are ε±ℓk =
Emk+Epℓk
2 ± ηℓk. The suffix +(−) cor-
responds the upper (lower) branch, and ηℓk = ηλ=ℓk
with ηλk =
√
δE2λk + |Rλk|2 and δEλk = Emk−Eλk2 .
For the TA eigenstates |ψt0〉, |ψt±〉, the eigenvalues are
εt0k = Eptk and ε
±
tk =
Emk+Eptk
2 ± ηtk with |Rtk|2 =
3|Rt1k|2 + |Rt2k|2. In the following discussion, the Berry
curvature is calculated by the polarization vectors given
as ξℓk = i
1
k (kx, ky, kz), ξt1k = i
1
k˜
(ky ,−kx, 0), and ξt2k =
ξℓk × ξt1k.
Texture of the Berry curvature.– By the effective
Hamiltonians (7), we discuss the Berry curvature Ω±λ in-
duced by the hybridization. By the definition, Ω±λ =
i〈∇kψλ±| × |∇kψλ±〉 [2], we have
Ω±λi=x,y = ∓
ki
k˜
Ωλp, Ω
±
λz = ∓
1
2k˜
∂k˜
δEλ
ηλ
, (8)
where Ωλp ≡ 12k˜∂kz
δEλ
ηλ
shows the in-plane Berry cur-
vature, and Ωλp and Ω
±
λz are functions of (k˜, kz). We
note that |ψt0〉 has no Berry curvature for the TA mode,
since it does not have the magnon component. The hy-
bridization Rλ is much smaller than the dispersions of the
magnon and phonons. Therefore, the Berry curvature
is enhanced only near the anti-crossing points satisfying
δEλk=ks
λ
= 0, which describes a surface in momentum
space ksλ (Fig. 1), and there, the Berry curvature has the
form
Ω±λz = ∓
1
2k˜
∂k˜δEλ
|Rλ| , Ωλp =
1
2k˜
∂kzδEλ
|Rλ| . (9)
We show the Berry curvature of the upper states |ψ+λ 〉,
Ωλp and Ω
+
λz along k
s
λ surface on the (k˜, kz) plane for
θk = tan
−1 k˜s
ksz
∈ [0, π], in Fig. 2 by using parameters
of YIG, for mh ≡ h4πMs = 0.5 (a1)(a2) and mh = 4
(b1)(b2). Since those functions rapidly become large
close to ksλ, the Berry curvature is shown on a log scale
by using a function:
Γ(Ω) ≡ sign(Ω) log(1 + |Ω|). (10)
Next, we analyze the Berry curvature in the vicin-
ity of the gapless points which are referred to as the
Weyl points in fermionic systems [22]. For the LA
mode, the Berry curvature diverges on the kz and kx
axes (θk = 0,
π
2 , π) where the energy difference δEℓk
and the hybridization Rℓk simultaneously vanish, i.e.,
δEℓ = Rℓ = 0. We calculate the Berry curvature in the
vicinity of those singular points and find that they are
highly anisotropic as described below, unlike typical sin-
gular points such asWeyl nodes of electronic systems [22].
Both δEℓ and Rℓ vanish simultaneously at [23]
± kD = (0, 0,±kD) ,kL(φk) ≡ k˜L (cosφk, sinφk, 0) ,(11)
where kD ≡ µh~cpℓ , k˜L ≡
√
µh(µh+4πµMs)
~cpℓ
, and ∀φk ∈
[0, 2π]. The gapless points given by kL(φk) form a loop
on the plane kz = 0 (Fig. 1(b)). Close to ±kD, the
effective Hamiltonian further reduces to the Weyl Hamil-
tonian with opposite Weyl charges [22] on +kD and −kD.
For k ∼ +kD, the Berry curvature has the form
Ω±ℓz = ∓
g2D
2
cos θD
η2ℓ
, Ωℓp = −~cpℓgD
4
sin θD
η2ℓ
, (12)
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FIG. 2: The z-component and in-plane Berry curvature (Ω+λz
and Ωλp) on the anti-crossing region θk = tan
−1 (k˜/kz) ∈
[0, pi] given by Emks = Epλks for YIG. These values are
shown in a log scale: Γ(Ωλp) and Γ(Ω
+
λz) (Eq. (10)). The
solid/dotted curve is the result for the LA/TA mode, and re-
sults for mh ≡
h
4πMs
= 0.5 and mh = 4 are shown on the left
and right of the vertical line, respectively. The sign changes
of Ω+ℓz and Ω
+
tz occur at θk =
π
6
, 5π
6
(Eq. (14)) for mh = 0.5
in (a1), while not for mh = 4 in (b1). For Ω
+
ℓz and Ωλp, the
divergences are seen with the gap-closing, while Ω+tp diverges
at k˜ = 0 without the gap-closing in (a2) (b2).
where ηℓ =
√
(~cpℓ/2)
2
δk2z + g
2
Dk˜
2 with gD =
2(gdℓ−g2ℓ)√
kD
,
θD = tan
−1 2gDδk˜
~cpℓδkz
, and (δk˜, δkz) is the infinitesimal
wavevector from the singular points. The Berry curva-
ture is given by (Ωℓp,Ω
±
ℓz) =
(
0,∓2g2D/(~cpℓδkz)2
)
for
k˜ = 0 and (Ωℓp,Ω
±
ℓz) = (−(~cpℓ/gD)/k˜2, 0) for δkz = 0,
respectively. Although the Berry curvature is represented
as the hedgehog-like texture of the order of δk−2(∼ η−2ℓ ),
the direction of the Berry curvature is almost perpendic-
ular to the z-direction, because the hybridization is much
smaller than the energy scale of the phonon, ~cpℓ ≫ gD.
Around kL(φk), we have
Ω±ℓz = ∓
~cpℓ
4k˜L
cos2 θL
ηℓ
, Ωℓp =
gL
2k˜L
cos θL sin θL
ηℓ
, (13)
where ηℓ =
√
(~cpℓ/2)
2
δk˜2 + g2Lk
2
z , gL = gD
kD
k˜L
, and
θL = tan
−1 ~cpℓδk˜
2gLδkz
. Due to ~cpℓ ≫ gL, the direction of
the Berry curvature vector is along the z axis, similar to
the previous case. Therefore, the two singular points are
different in the behaviors of the divergence.
For the case of the TA mode, there are neither Weyl
nodes nor singular loops, except for special cases of
g2t = 0 or g2t = −2gdt. Nonetheless, the divergence
occurs for Ωtp on the kz axis as shown in Figs. 2(a2,
b2). Close to k˜ = 0, it is described by Eq. (9) as
Ωtp = − 12k˜
kz
|kz |χkz , with χkz =
(g2t+2gdt)
2(µh+~cpt|kz|)/2√
(µh−~cpt|kz|)2/4+2g2t |kz|
converging on k˜ = 0. Then, Ωtp is on the order of δk
−1.
4Meanwhile, Ω±tz does not diverges at k˜ = 0 (Fig. 2(a1,
b1)), and the Berry curvature is distributed almost in
the radial direction perpendicular to the kz axis. This
divergence of the Berry curvature is unconventional since
the gap remains open and is attributed to the singular
DDI along the kz axis.
Observation and magnon current control.– We give an
observation scheme of the Hall effect of the quasiparticle
consisting of the magnon and phonons. When the applied
magnetic field h along the z-direction has a spatially weak
gradient, the magnon feels the force F = −µ∇h(r), and
the anomalous velocity v±Aλ =
F
~
×Ω±λ is induced [3]. The
impulsive Brillouin scattering can excite the phonons and
magnons through hybridization with momentum resolu-
tion [9, 17, 24], for example. In actual experiment, the
phonon is excited as a wavepacket with a finite distri-
bution corresponding to the momentum resolution, and
the Hall current emerges as the integral of Berry cur-
vature. We consider the case where the wavepacket
has the width w in momentum space and the center of
the momentum is near the anti-crossing point: ksλ=ℓ,t
(Emks
λ
= Epλks
λ
). On ksλ, the Berry curvature by Eq. (9)
is concentrated in the momentum region of the width
wλ ∼
|Rλks
λ
|√
(∂kz δEλ)
2+(∂
k˜
δEλ)2
. For w < wλ, we can observe
large anomalous velocities corresponding to the distribu-
tion of the Berry curvature along the anti-crossing region.
For w ≫ wλ, the averaged anomalous velocity over the
wavepacket is estimated as |〈vAλk〉| ∼
∣∣∣F
~
×Ω±λks
λ
wλ
w
∣∣∣ =
|F|
2~k˜s
λ
w
for k˜sλ > w. For both the modes, the averaged
Berry curvature vanishes at k˜sλ = 0, because the cancel-
lation occurs when the width includes the singular point
itself, and the maximum anomalous velocity is observed
when the distance from the center to the kz axis is the
width of the wavepacket; namely k˜sλ in the above esti-
mation should be replaced with w as |〈vAλk〉| ∼ |F|2~w2 .
For w ≫ wλ, the excitation involves states on the upper
and lower branches of the anti-crossing. In this case, the
two excited waves have opposite directions of the anoma-
lous velocity, and then they will be observed by detectors
spatially far from the excitation point.
For the strong SOI g2λ > gdλ, in the strong mag-
netic field mh > 1, the following approximation is valid:
wλ ∼ bλ~c2
pλ
√
µh
SMp
, ksλ ∼ µh~cpλ . By the approximation,
we obtain the group velocity of the magnon |vmλ| =
4πMs
h cpλ| cos θk| sin θk which depends on θk due to the
DDI; |vmλ| vanishes at k˜ = 0 or kz = 0. Therefore, to ob-
tain the large Hall angle, small values of k˜s are favorable,
and due to cpℓ > cpt, the magnon interacting with the TA
phonon is are favorable for the observation of the Hall
current. For k˜sλ = w(≪ ksλ) where the maximum anoma-
lous velocity is obtained, the group velocity is obtained
as |vmλ| ∼ 4π~µMsc
2
pλw
(µh)2 . Now, we consider a setting: the
momentum resolution w = 104cm−1, and the gradient
of the magnetic field |∇h| = 1T/cm [25, 26] for YIG in
h = 1T. Then, the estimations are the following: the sep-
aration between the two surfaces |kst − ksℓ | ∼ 105cm−1,
wℓ, wt ∼ 102, 103cm−1, |vmℓ|, |vmt| ∼ 104, 103cm/s. The
maximum anomalous velocity is estimated of the order
of |〈vAλk〉| ∼ |F|2~w2 ∼ 103cm/s. |〈vAλk〉| is comparable
to the group velocity, and the the Hall signals will clearly
be observed, especially for the case with TA mode.
Finally, we discuss the rapid sign change of the Berry
curvature. The in-plane Berry curvature Ωλp changes its
sign on kz = 0 as shown in Figs. 2(a2, b2). Ωλp cannot
avoid this sign change in momentum space due to the
relation Ωλp(k˜,−kz) = −Ωλp(k˜,kz). On the other hand,
for the z-component Berry curvature Ω±λz , the emergence
of the sign change depends on the ratio mh =
h
4πMs
;
one can see the sign changes in Fig. 2(a1) while not in
(b1). By Eq. (9), the sign change on the two momenta
(k˜, kz) = (k˜
r
λ,+k
r
λz) and (k˜
r
λ,−krλz), which are given by
k˜rλ =
µh
2~cpλ
√
1−m2h
mh
, krλz =
µh
2~cpλ
1 +mh√
mh
. (14)
The above equations are valid only when mh < 1, and
this is the condition for the sign change of Ω±λz . Formh =
0.5, those points appear at θ(k˜r
λ
,kr
λz
) = tan
−1(k˜rλ/k
r
λz) =
π
6 and θ(k˜rλ,−krλz) =
5π
6 , as shown in Fig. 2(a1). The sign
change occurs rapidly on the anti-crossing region because
the value of the Berry curvature is inversely proportional
to the hybridization |Rλ|−1 (Eq(9)). In particular, for
Ωℓp, the sign change more drastically occurs due to |Rℓ| =
0 at kz = 0. These sign inversions give rise to the abrupt
change of the Hall current in opposite direction, when
the wavenumber of the wavepacket is gradually varied
along the anti-crossing surface ksλ. For observing the
switching of the Hall signal, the following conditions are
required for the momentum resolution w. For the Hall
current by Ωλp, w should be smaller than the width of the
anti-crossing region along the z-direction: namely w <
µh/~cpλ at mh ≥ 1, and w < krλz at mh < 1 (Eq.(14)).
For Ωλz , the condition for the resolution is given as w <
k˜rλ, which is estimated on the order of k˜
r
t,ℓ ∼ 104cm−1 for
mh =
1√
3
. The switching of the Hall signal has potential
for various applications of magnonics.
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